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Example 1: Optimal quantization
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Example 1: Optimal quantization
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Figure: Optimal and uniform quantization of a Gaussian mixture

Simulations made using the library PyMongeAmpere by Quentin Mérigot.
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Example 2: Empirical sparse Wasserstein barycenter
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Figure: Wasserstein barycenter and its sample average approximation

Simulations made using the POT Library.
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Example 3: Wasserstein geodesics
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Connection between these examples

What do all these examples have in common?
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They are all instances of problems of optimization of point clouds (seen as
probability measures) and/or their probability weights.
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Connection between these examples
%‘ . ﬁ ,/"/ -\\\\
b \'\ = - /

What do all these examples have in common?

They are all instances of problems of optimization of point clouds (seen as
probability measures) and/or their probability weights.  More

specifically, theses examples aim at solving
1 ¢
i 0
i 7 Z ( Zﬂ )

where ut, ..., ut are a collection of probability measures, A is a closed,
non-empty subset of (RY)N x Ay and and D is a divergence between
measures.
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@ Define a good notion of metric between arbitrary measures (discrete
or continuous)
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@ Define a good notion of metric between arbitrary measures (discrete
or continuous)

@ Study interesting sub cases of

In particular
@ Algorithmic properties
@ Statistical properties.
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Optimal transport

Optimal transport measures the minimal cost of transporting the target
measure y onto v with couplings v, according to a cost ¢ : RY x RY — R.

OTC(:U'v V) = inf«/eﬂ(y,u) fRdX]Rd C(Xa y)d’)/(X, _)/)-
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Optimal transport

Optimal transport measures the minimal cost of transporting the target
measure y onto v with couplings v, according to a cost ¢ : RY x RY — R.

OTC(:U'v V) = inf*yerl(,u,,z/) fRdX]Rd C(Xa y)d’)/(X, _)/)-

Hix)

YEM, v : = {m€ M= x 29) | w has marginals 4 and v}

vix)

)

Jvbeyidx [t ydy

Transportation cost: IA xsdx, ylvix, y)dxdy
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Dual formulation

Kantorovich duality:

OTc(p,v) = inf / c(x, y)dv(x, y)
yeM(u,v) JRIxRY

= sup /gpd,u—i—/ Ydv.
p®Y<c
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Dual formulation

Kantorovich duality:

OTc(p,v) = inf / c(x, y)dv(x, y)
yeM(u,v) JRIxRY

= sup /gpd,u—i—/ Ydv.
p®Y<c

c-transform: (x) := inf cpa c(x, y) — P (y).
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Dual formulation

Kantorovich duality:

yeN(p,v)

= sup /gpd,u—i—/ Ydv.
p®Y<c

OTc(p,v) = inf / c(x, y)dv(x, y)
RIXRY

c-transform: ¢(x) := inf cga c(x,y) — 9 (y). Constraint p ® ¢ < cis thus
equivalent to ¥ < €.

OTc(p,v) = sup /gpcdu+/ pdv.
PeC(RY) JRY R9
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The quadratic cost

If c(x,y) := ||x — y||P, p> 1 then W,(u,v) := OT(u,v)'/P is a distance
over the probability space M1(RY) called the Wasserstein distance.
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The quadratic cost

If c(x,y) := ||x — y||P, p> 1 then W,(u,v) := OT(u,v)'/P is a distance
over the probability space M1(RY) called the Wasserstein distance.

Moreover, if i1 has density, then by Brenier's Theorem there exists a
mapping T : RY — R such that

OTC(:“’? ):VVP(:UJa )
/ Ix— TOIPdu(x)

T is called the optimal transport map.
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The semi discrete setting

Suppose v == YN 1d,,, Ye (RN, w € Ay.
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The semi discrete setting

Suppose v = YN 14, Ye (R)N, m € Ay. Then

OT(u,v) = sup / Cd,u—i—/ pdv
RY RY

PEC(RY)

N
sup / m|n c X, y;) — pi du(x) + Z Tipi
peRN JRY = i=1

N
= / c(x,yi) = F du(x) + > _ i}
LE(Y,*) =1
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The semi discrete setting

Suppose v = YN 14, Ye (R)N, m € Ay. Then

OT(u,v) = sup / Cd,u—i—/ pdv
RY RY

PEC(RY)

N
sup / m|n c X, y;) — pi du(x) + Z Tipi
peRN JRY = i=1

N
= / c(x,yi) = F du(x) + > _ i}
(YﬂP i=1
where

LIC(Y’QO*) = {XE Rd' C(X?yf) _(p;k < C(X7yj) _(pfm/;é ’} .
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The semi discrete setting

If c(x,y) = ||x — ¥]|P, the power cells form a convex tesselation of R and
define the OT map T = Z,’il Yili(v,p*)-
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The semi discrete setting

If c(x,y) = ||x — ¥]|P, the power cells form a convex tesselation of R and
define the OT map T = Z,’il Yili(v,p*)-

10

00
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Figure: Example of semi-discrete OT between 11 ~ Ujq 12 and %((5},1 +46,, +9,,).
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Entropic Optimal transport

Wep(p,v) = inf’yel'l(u,u) fRdXRd [x = ¥[Pdv(x,y) + eKL(7, L Q@ V)
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Entropic Optimal transport

Wep(1t,v) = infrenquo) Jpame X = YIPdv(x ) + eKL(7, n @ v) (where
KL(e, 8) = frslog (£33 ) da(x)).
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Entropic Optimal transport

Wep(1t,v) = infrenquo) Jpame X = YIPdv(x ) + eKL(7, n @ v) (where
KL(e, 8) = frslog (£33 ) da(x)).

A A

OT matrix GO OT matrix Entrop. reg
Figure: POT library example of a W, »-transport plan

\Wider hecaiise it nenalizes counlinos too far from the nrodiict measire
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Sliced optimal transport

1-D optimal transport: if u, v € M1(R):

1
We(y1, ) = /O FIN ()~ RN |P de

where F,! denotes the generalized inverse of the c.d.f of a.
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Sliced optimal transport

1-D optimal transport: if u, v € M1(R):

1
We(y1, ) = /O FIN ()~ RN |P de

where F,! denotes the generalized inverse of the c.d.f of a.

Sliced optimal transport:
The sliced and max-sliced Wasserstein distances leverage the closed form of 1-d OT
through projections on the line with directions 6.
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Sliced optimal transport

1-D optimal transport: if u, v € M1(R):

Wzm,v)zj FIN ()~ RN |P de

where F,! denotes the generalized inverse of the c.d.f of a.

Sliced optimal transport:
The sliced and max-sliced Wasserstein distances leverage the closed form of 1-d OT
through projections on the line with directions 6.

SWE(u, v / WE(Pot, Pot)do(8), o ~ Usa+
max-SWA(u, v) = max WE(Palip, Petr).
fesd—1
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Our object of study

Let pl, ..., ut € M1(RY), we study

N L N
: 1
(Yn:rl)réA Fp <,u1, .. .,ML,ZW,@,) = I Z]D) (“Z’ZW"{;Yf) .

Typically D = WA,
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Our object of study

Let pl, ..., ut € M1(RY), we study

N L N
: 1
(Yn:TI)nGA Fp <,u1, .. .,ML,Zwiéyf> = I Z]D) (;/,Zm&y) .

Typically D = WA,

A L=1 L>1
(RN x Ay Optimal quantization | OT barycenter with
sparse support
(RHN x {7} Constrained quantiza- | Free support OT
tion barycenter
{Y} x Ap - Fixed support OT
barycenter
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The objective function

Focuson D= W5 and L =1

(Y,m) —~ sup/ lIx — yillP — widu(x) —‘,—ZW,?T,

weRN
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The objective function

Focuson D= W5 and L =1

(Y,m) —~ sup/ lIx — yillP — widu(x) —‘,—ZW,?T,

weRN

o Convex in .
@ Non convex in Y.

@ GD works in practice but convergence guarantees are hard.
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The objective function

Focuson D= W5 and L =1

(Y,m) —~ sup/ lIx — yillP — widu(x) —‘,—ZW,?T,

weRN

o Convex in .
@ Non convex in Y.

@ GD works in practice but convergence guarantees are hard.

In this section we provide such guarantees.
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Uniform and optimal quantization

N
1 1
min - W3 ,—E dy, | = min F
Y=(ryn)2 <M N = ) Y. ) W)

::(}’17~--»)’N
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Uniform and optimal quantization

min  ~ <u, NZ(S ,) mln Fn(Y)

Y:=(y1,...,y/\/ Y= }/17 »yN)
where
Fu(Y) = max 3 { o (minir, v llx = yill2 = w) bty S, w)
We
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Uniform and optimal quantization

min  ~ <u, NZ(S ,) mln Fn(Y)

Yi=(y1,....yn) 2 Y:=(y1,.--,yn)

where

Fn(Y) = max 3 {fRd (mini=1,. v [Ix — yill> — wi) A{x)dx + %,Zfil W,'}

weRN
(Uniform Quantization)
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Uniform and optimal quantization

min  ~ <u, NZ(S ,) mln Fn(Y)

Yi=(y1,....yn) 2 Y:=(y1,.--,yn)

where
Fu(Y) = max 3 { o (minir, v llx = yill2 = w) bty S, w)
(Uniform Quantization)

N
mln VV%(/L,ZW,@ ,-) = min GN(Y)

Yr>0, 3N m=1 i1 Y:i=(y1,--.¥n)
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Uniform and optimal quantization

min  ~ <u, NZ(S ,) mln Fn(Y)

Yi=(y1,.yn) 2 Y:=(y1,.--,yn)
where
Fu(Y) = max 3 { o (minir, v llx = yill2 = w) bty S, w)
(Uniform Quantization)
N
min VV2 , Y mody)= min G
Y7I'>0 Z ﬂ',— 2(M ; ) Y3:(}’17~~~;YN) N(w

where Gn(Y) = 3 [za ’_:rPinNHx— yil|? fx)dx
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Uniform and optimal quantization

min  ~ <u, NZ(S ,) mln Fn(Y)

Yi=(y1,.yn) 2 Y:=(y1,.--,yn)
where
Fu(Y) = max 3 { o (minir, v llx = yill2 = w) bty S, w)
(Uniform Quantization)
N
min VV2 , Y mody)= min G
Y7I'>0 Z ﬂ',— 2(M ; ) Y3:(}’17~~~;YN) N(w

where Gn(Y) = 3 [za ’_:rPinNHx— yil|? fx)dx
(Optimal Quantization)
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Voronoi and Laguerre tesselation

@ i'th Voronoi cell:
Vi(Y) = {x e RY[ [x = yill® < [Ix =y ¥j=1,..., N}

Optimal Quantization

Uniform Quantization
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Voronoi and Laguerre tesselation

@ i'th Voronoi cell:
Vi(Y) = {x e R [Ix =yl < Ix = yl? Vi = 1,.... N}
@ i'th Laguerre cell:
LY. w) = {x € B [x— ]2 = wi < [Ix— 2 = w; ¥ = 1,..., N}
Optimal Quantization

Uniform Quantization
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Voronoi and Laguerre tesselation

@ i'th Voronoi cell:
Vi(Y) = {x e R [Ix =yl < Ix = yl? Vi = 1,.... N}
@ i'th Laguerre cell:
LY. w) = {x € B [x— ]2 = wi < [Ix— 2 = w; ¥ = 1,..., N}
Optimal Quantization

1
Gu(M) =3 [, min Jlx= vl

i=1,...,

N
1 / 5
= [[x = yill“fx)dx
2 i=1 7 Vi(Y)

Discrete
Uniform Quantization
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Voronoi and Laguerre tesselation

@ i'th Voronoi cell:
Vi(Y) = {x e RY[ [x = yill® < [Ix =y ¥j=1,..., N}

@ i'th Laguerre cell:

L{Y.w) = {x € R x = yll2 = wi < [lx— 2 = wy ¥ = 1,... N}

Optimal Quantization

Gu(v) = %/ min [lx— i fx) o

,,,,,

1 / ,
== lIx — yill “f(x)dx
2; vi(v)

Discrete
Uniform Quantization

1 1
Fu(¥) = max { [, (pin Jlx= i = ) g+ 7

N
:2%2{2/ x = il = wi) fix)+ 1

Quantization and barycenters

£
5}

09/10/2025

17/ 44



Lloyd's algorithm®: two equivalent formulations

Can be described in two ways

@ Choose an initial points cloud Y.

Lloyd, Stuart P. Least squares quantization in PCM, 1982.
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Lloyd's algorithm®: two equivalent formulations

Can be described in two ways
@ Choose an initial points cloud Y.

@ Construct either a Voronoi (OQ) or a Laguerre tessellation (UQ) of
the support of L.

© Set the new points cloud as the barycenters of every cell.
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Lloyd's algorithm®: two equivalent formulations

Can be described in two ways
@ Choose an initial points cloud Y.

@ Construct either a Voronoi (OQ) or a Laguerre tessellation (UQ) of
the support of L.

© Set the new points cloud as the barycenters of every cell.
Which translates to
e UQ:

Yo € (Rd)N\ Dy
Y1 = Yo— NVFn(Y,)

Lloyd, Stuart P. Least squares quantization in PCM, 1982.
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Lloyd's algorithm®: two equivalent formulations

Can be described in two ways
@ Choose an initial points cloud Y.

@ Construct either a Voronoi (OQ) or a Laguerre tessellation (UQ) of
the support of L.

© Set the new points cloud as the barycenters of every cell.
Which translates to
e UQ:

Yo € (Rd)N\ Dy
Y1 = Yo— NVFn(Y,)

{Yo e (RHN\ Dy

Yor1 = Yo — sovtvayy-V Ol Ya)

Lloyd, Stuart P. Least squares quantization in PCM, 1982.
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Lloyd's algorithm for ( ): an example
with 1 ~ Ngi(0o, 02 h)

Simulations made using the library PyMongeAmpere by Quentin Mérigot.

Quantization and barycenters 09/10/2025 19 /44



Lloyd's algorithm for ( ): an example
with 1 ~ Ngi(0o, 02 h)

Simulations made using the library PyMongeAmpere by Quentin Mérigot.

Quantization and barycenters 09/10/2025 19 /44



Lloyd's algorithm for ( ): an example
with 1 ~ Ngi(0o, 02 h)

Simulations made using the library PyMongeAmpere by Quentin Mérigot.

Quantization and barycenters 09/10/2025 19 /44



Lloyd's algorithm for ( ): an example
with 1 ~ Ngi(0o, 02 h)

Simulations made using the library PyMongeAmpere by Quentin Mérigot.

Quantization and barycenters 09/10/2025 19 /44



Convergence of Lloyd's algorithm for and

Uniform Quantization

,,,,,
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Convergence of Lloyd's algorithm for and

Uniform Quantization

Let (Y,)n be Lloyd iterates.

Optimal Quantization
Gu(Y) = £ Jou _min Jix— vl x)dx

,,,,,
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Convergence of Lloyd’s algorithm for and

Uniform Quantization

Let (Y;), be Lloyd iterates.
@ Convergence to a set of critical points?: ||[VFy(Y,)|| — 0
n—o0

Optimal Quantization
G(Y) = 3 foa_min [lx— | flx)ax

2Quentin Merigot, Filippo Santambrogio, Clément Sarrazin. Non-asymptotic
convergence bounds for Wasserstein approximation using point clouds. 2021
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Convergence of Lloyd’s algorithm for and

Uniform Quantization

Let (Y;), be Lloyd iterates.
@ Convergence to a set of critical points?: ||[VFy(Y,)|| — 0
n—o0

Optimal Quantization
Gu(V) = 2 Jru_min_[lx— | fix)ax
Let (Z,) be Lloyd iterates.

2Quentin Merigot, Filippo Santambrogio, Clément Sarrazin. Non-asymptotic
convergence bounds for Wasserstein approximation using point clouds. 2021
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Convergence of Lloyd’s algorithm for and

Uniform Quantization

Let (Y,)n be Lloyd iterates.

@ Convergence to a set of critical points®: |[VFn(Y,)|| — 0
n—00

Optimal Quantization
G(Y) = 3 Jor_min Jlx— il fx)ox

.....

Let (Z,) be Lloyd iterates.

@ Convergence to a set of critical points®: |[VGn(Z,)|| — O

n—--00

2Quentin Merigot, Filippo Santambrogio, Clément Sarrazin. Non-asymptotic
convergence bounds for Wasserstein approximation using point clouds. 2021
3Maria Emelianenko, Lili Ju and Alexander Rand. Nondegeneracy and Weak Global
Convergence of the Lloyd Algorithm in R9. 2008
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Convergence of Lloyd’s algorithm for and

Uniform Quantization

Let (Y,)n be Lloyd iterates.

@ Convergence to a set of critical points®: |[VFn(Y,)|| — 0
n—00

Optimal Quantization
G(Y) = 3 Jor_min Jlx— il fx)ox

.....

Let (Z,) be Lloyd iterates.

@ Convergence to a set of critical points®: |[VGn(Z,)|| — O

n—--00

Question:
What about (Y;)n>1 and (Z,)n>17?

2Quentin Merigot, Filippo Santambrogio, Clément Sarrazin. Non-asymptotic
convergence bounds for Wasserstein approximation using point clouds. 2021
3Maria Emelianenko, Lili Ju and Alexander Rand. Nondegeneracy and Weak Global
Convergence of the Lloyd Algorithm in R9. 2008
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Main result

Let v be a continuous probability measure supported on a compact and
convex subset of RY. Suppose its density is ?7?. Then the iterates of Lloyd
for both uniform (UQ) and optimal quantization (OQ) converge.
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Main result

Let v be a continuous probability measure supported on a compact and
convex subset of RY. Suppose its density is ?7?. Then the iterates of Lloyd
for both uniform (UQ) and optimal quantization (OQ) converge.

Convexity of Supp(u) is not necessary for uniform quantization.
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Convergence of gradient schemes in non-convex setting

@ Fp and Gy both non convex.

“H. Attouch, J. Bolte, and B.F. Svaiter. Convergence of descent methods for
semi-algebraic and tame problems: proximal algorithms, forward—backward splitting, and
regularized Gauss—Seidel methods. 2013.
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Convergence of gradient schemes in non-convex setting

@ Fp and Gy both non convex.

We follow the geometric approach in optimization pioneered by J.Bolte.

“H. Attouch, J. Bolte, and B.F. Svaiter. Convergence of descent methods for
semi-algebraic and tame problems: proximal algorithms, forward—backward splitting, and
regularized Gauss—Seidel methods. 2013.

Quantization and barycenters 09/10/2025 22 /44



Convergence of gradient schemes in non-convex setting

@ Fpy and Gp both non convex.
We follow the geometric approach in optimization pioneered by J.Bolte.

@ The iterates of gradient sequences converge in this setting under
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We follow the geometric approach in optimization pioneered by J.Bolte.
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@ Such properties are true whenever the underlying objective function’s
graph belongs to an o-minimal structure.

“H. Attouch, J. Bolte, and B.F. Svaiter. Convergence of descent methods for
semi-algebraic and tame problems: proximal algorithms, forward—backward splitting, and
regularized Gauss—Seidel methods. 2013.

Quantization and barycenters 09/10/2025 22 /44



Convergence of gradient schemes in non-convex setting

@ Fpy and Gp both non convex.
We follow the geometric approach in optimization pioneered by J.Bolte.
@ The iterates of gradient sequences converge in this setting under
Lojasiewicz/Kurdyka-Lojasiewicz inequality. *
@ Such properties are true whenever the underlying objective function’s
graph belongs to an o-minimal structure.

@ Fp and Gy do so under an analyticity assumption on the target
density.

“H. Attouch, J. Bolte, and B.F. Svaiter. Convergence of descent methods for
semi-algebraic and tame problems: proximal algorithms, forward—backward splitting, and
regularized Gauss—Seidel methods. 2013.
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KL inequality

Kurdyka-Lojasiewicz Inequality

f verifies a KL inequality at x* if there exists a neighborhood U of x*,
¢ >0, 7 >0 and a strictly increasing positive function ¥ : [0, n[— R
such that:

|IV(Wo f)(x)|| > ¢, ¥x € Usuch that 0 < fx) <. (1)
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f verifies a KL inequality at x* if there exists a neighborhood U of x*,

¢ >0, 7 >0 and a strictly increasing positive function ¥ : [0, n[— R
such that:

|IV(Wo f)(x)|| > ¢, ¥x € Usuch that 0 < fx) <. (1)

Main idea of KL: Composing f with W makes it sharper around its critical
points.
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KL inequality

Kurdyka-Lojasiewicz Inequality

f verifies a KL inequality at x* if there exists a neighborhood U of x*,
¢ >0, 7 >0 and a strictly increasing positive function ¥ : [0, n[— R
such that:

|IV(Wo f)(x)|| > ¢, ¥x € Usuch that 0 < fx) <. (1)

Main idea of KL: Composing f with W makes it sharper around its critical
points.

A function whose differential go to zero can have infinitely many
oscillations as it goes to 0. The KL property prevents that from happening.
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KL inequality

A case where the function is KL... and another one where it is not (at 0).

-0.25

-0.50

-0.75

—— xvasin(1ix)

00 -1.00
-100  -075  -0.50  -0.25 0.00 025 050 075 100 0o 02

04 06 08 10

fixs X2, Wi x i (/X g:x—sinl/x
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Strong descent conditions

Strong descent conditions: Let (Yj)x>1 be some sequence and F be some
differentiable cost function.
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Strong descent conditions

Strong descent conditions: Let (Yj),>1 be some sequence and F be some
differentiable cost function.

o F(Yi) = A(Yis1) = o[ VA Yierr — Vil
] F(Yk+1) = F( Yk) - Yk+1 = Yk
(We say that the sequence (Yi)x>1 is SDC)

@ We show that Gy is SDC (largely thanks to Emelianenko, Ju, Rand ®).

®M. Emelianenko, L. Ju, and A. Rand. Nondegeneracy and weak global convergence
of the Lloyd algorithm in RY. 2008
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Strong descent conditions

Strong descent conditions: Let (Yj)x>1 be some sequence and F be some
differentiable cost function.

o F(Yi) = FA(Yit1) = ol VF(YI Yirr = Yl
(4] F(YkJr]_) = F(Yk) — Yk+1 = Yk.
(We say that the sequence (Yi)k>1 is SDC)

@ We show that Gy is SDC (largely thanks to Emelianenko, Ju, Rand ®).
e Fy SDC (can be deduced from Merigot, Santambrogio, Sarrazin ©).

’M. Emelianenko, L. Ju, and A. Rand. Nondegeneracy and weak global convergence
of the Lloyd algorithm in RY. 2008

5Quentin Merigot, Filippo Santambrogio, Clément Sarrazin. Non-asymptotic
convergence bounds for Wasserstein approximation using point clouds. 2021
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|dea of proof

Let i be a continuous probability measure supported on a compact and
convex subset of R9. Suppose its density is 777. Then the iterates of Lloyd
for both uniform (UQ) and optimal quantization (OQ) converge.
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|dea of proof

Let i be a continuous probability measure supported on a compact and
convex subset of R9. Suppose its density is 777. Then the iterates of Lloyd
for both uniform (UQ) and optimal quantization (OQ) converge.

Sketch of proof
@ Fpy and Gy verify a KL inequality at all points of their domain.
e SDC gradient methods on KL functions converge (Bolte et.al, Absil
et.al.)
@ Lloyd's algorithm for OQ and UQ are SDC gradient methods on KL
functions and thus the iterates converge.

Question:
Why are Fp and Gy KL? Because they are definable in an o minimal
structure.
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A (very quick) overview on o-minimality

SACR,, C Ran,exp C P(R)

"H. Hironaka. Introduction to Real-analytic Sets and Real-analytic Maps. 1973
8L.van den Dries and C.Miller, On the real exponential field with restricted analytic
functions. 1994
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Definability stable by +, x, (.)7%, min, ...

@ R,n: Same with the analytic maps restricted to a compact within
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@ Rynexp: Same with the exponential map.8

o If fis 777 then Y — fx fx, Y)dx is definable in an o-minimal
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A (very quick) overview on o-minimality

SAC Ri, C Ran,exp C P(R)

o SA UM {xERY Py (x) 2 0,.... Py > 0, (P )kcr....s © RglX]}
Definability stable by +, x, (.)7%, min, ...

@ R,n: Same with the analytic maps restricted to a compact within
their domain of definition 7 example: exp l=1,1-

@ Rynexp: Same with the exponential map.8

o If fis GSA then Y — fx fx, Y)dx is definable in an o-minimal
structure.®

@ Functions definable in an o minimal structure are KL.

"H. Hironaka. Introduction to Real-analytic Sets and Real-analytic Maps. 1973
8L.van den Dries and C.Miller, On the real exponential field with restricted analytic
functions. 1994
9Raf Cluckers, Daniel J. Miller. Stability under integration of sums of products of
real globally subanalytic functions and their logarithms. 2009
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Examples of globally subanalytic (GSA) functions

@ An image (regarded as a probability density.)
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Examples of globally subanalytic (GSA) functions

@ An image (regarded as a probability density.)

e Semi-algebraic densities (Uniform law on a semi algebraic set, the
triangular distribution,...)

@ Any probability density which is analytic and which is truncated on a
compact semi algebraic subset (ex: Gaussians truncated on a sphere).

@ Any mix of the previous ones.

Think of it as analytic functions restricted to a semi-algebraic compact
subset
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Proving the definability of Gy and Fy

1 .
Gu(Y) =5 [, min lx=yil? 9 dx
Rd i=1,...,N ~—~

GSA
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Proving the definability of Gy and Fy

1 .
Gu(Y) =5 [, min lx=yil? 9 dx
Rd i=1,...,N ~—~
GSA
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definable

Conclusion: Gy is a KL function.
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Proving the definability of Gy and Fy

Conclusion: Gy is a KL function.

N
1 ) 1
) = o [ in (e i o) ) 5443 o
GSA -

GSA
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Proving the definability of Gy and Fy

Conclusion: Gy is a KL function.

N
1 ) 1
) = s [ i sl ) ) 43

-~

definable

definable

Conclusion: Fp is a KL function.
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Let i be a continuous probability measure supported on a compact and
convex subset of R9. Suppose its density is globally subanalytic. Then the
iterates of Lloyd for both uniform and optimal quantization converge.
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Let i be a continuous probability measure supported on a compact and
convex subset of R9. Suppose its density is globally subanalytic. Then the
iterates of Lloyd for both uniform and optimal quantization converge.

Additional results:
We showed along the way the definability of Y+ D(y, % 22’21 dy,) for

e D = W (general Wasserstein)
e D = max-SWA (max Sliced Wasserstein)
e D = W, , (Entropic regularization of the semi-discrete OT problem)
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From optimization to statistics

We investigated the deterministic case where target measures were
known.
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From optimization to statistics

We investigated the deterministic case where target measures were

known. However in most ML context u is unknown, or known but has to
be discretized (if continuous).

We go back to the more general study of

N L N
: 1
(Yn:rl)réA Fp <,u1, .. .,ML,ZW,-dyi> = Z]D) (M,ZW,-@,’.) .
’ =1 i=1

i=1

for D = WE, W, ,, SWp, max-SWA.
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From optimization to statistics

We investigated the deterministic case where target measures were
known. However in most ML context u is unknown, or known but has to
be discretized (if continuous).

We go back to the more general study of

N L N
1
in F 1...L§j,-54 ::—E]D) f§:,-5..
(YTrl)gAD<M7 ’M’i=17rM> LE:I (Na' Wyl)

i=1

for D = WE W, 5, SWE, max-SWA.  More specifically we investigate the
sample average approximation of Fp.
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Sparse optimal transport barycenters

This problem is called the empirical sparse optimal transport
barycenter problem.
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Sparse optimal transport barycenters

This problem is called the empirical sparse optimal transport
barycenter problem.

We want to compute how much information is lost in average by
computing

N
. 1 L
(Yn:rl)r;A FD (Hn? Ry Z 7Ti6y,'>
’ i=1
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Sparse optimal transport barycenters

This problem is called the empirical sparse optimal transport
barycenter problem.

We want to compute how much information is lost in average by
computing

N
min F Lok Oy,
(Ya)eA D (Nn K ;7"' y:)
In stead of

N
min F Lok, widy, | .
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Statistical learning theory

Empirical risk minimization:
For a general loss function L

E | L((X)) - minE[L(f(xm] < 2E [ig]g | BoL(A) — BIL(X))] |

feF
(n)

A
Q

B

where f, is a minimizer of P,L(f) and C(n) is a measure of complexity
(Rademacher, VC dimension, log-entropy, ...)
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The K-means as an empirical risk minimization scheme

It was shown!® that empirical optimal quantization (or K-means) behaves
as

Nlog(N)

n

E DQ(/.L, Yn) — min ND2(/.L, Y)] 5
YEBd(O,R)

where Da(j1, Y) = [y min J|x— i dju(x).

10Principles of nonparametric learning, Section 4.4, L.Gyorfi. 2002.
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as

Nlog(N)

n

E

Do(p, Yn) = min ND2(/L7 Y)] S
YEBd(O,R)

where Da(j1, Y) = [y min J|x— i dju(x).

) - N
|nN||X— y,-||2 | Y€ B4(0,R) })

(Here F = {xr—>

10Principles of nonparametric learning, Section 4.4, L.Gyorfi. 2002.
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The K-means as an empirical risk minimization scheme

It was shown!® that empirical optimal quantization (or ) behaves
as
. Nlog(N
D2(/L7 Yn) - min " D2(/L7 Y) S &
YEB,4(O,R) n

where Da(j, ¥) = [o_min |lx— yil2du(x).
(Here F = {Xr—> _min |lx—yi[| ¥ € B0, R)N}).

Question:

Does this result also hold for the more general problem

N
I d\N
YTJ)%ALZ (,u,;w,-éy,) AC (R x An7?

10Principles of nonparametric learning, Section 4.4, L.Gyorfi. 2002.
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Main result

o ul,..ule M (W).

o ul ... ,M,L, empirical measures over i.i.d r.v of respective law
1 L
.ot
o D= Wp, Wy, SWH or max-SWE.
Let v} = Z,’il w0, be a minimizer of Fo(ub, ..., uk v) over

AC (RN x Ap. Then

N N
E [FD (/j’lv cee 7IU’L7 Zﬂ-/néy’,’> - (Yn:rl)r;A F]D) (/J’la ce 7,U’L7 Zﬂ-i(s)’i
i=1 ’ i

PIAN
Ny
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Tightness of the bound

Lemma (Bartlett et.al, 2002)

Let D= W2, ne N* and R> 0. For any N € N* there exists 1 € M1(R9) and
7 € Ay such that

N N N]_,%
E |Fp M17"'au Z’TF(S}," _\r);;}? Fp Ma"'vuL7z7ri5yf Z n
i=1

i=1

where (yy,...,y}) denotes a minimizer of

N
(y17"'ayN)'_>FVV% (M}yﬂ"'aﬂn)Z' ﬂ-l(;y,)
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Lemma (Bartlett et.al, 2002)

Let D= W2, ne N* and R> 0. For any N € N* there exists 1 € M1(R9) and
7 € Ay such that

N N N]_,%
E |Fp M17"'au Z’TF(S}," _\r);;}? Fp Ma"'vuL7z7ri5yf Z n
i=1

i=1

where (yy,...,y}) denotes a minimizer of

N
(Y17~ . -ayN) = FW% (Mrl'n coo vun)Z' 7TI§}4)‘

@ Our bound is min-max optimal in n.
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Tightness of the bound

Lemma (Bartlett et.al, 2002)

Let D= W2, ne N* and R> 0. For any N € N* there exists 1 € M1(R9) and
7 € Ay such that

N N N]_,%
E |Fp M17"'au Z’TF(S}," _\r);;}? Fp Ma"'vuL7z7ri5yf Z n
i=1

i=1

where (yy,...,y}) denotes a minimizer of

N
(y17"'ayN)'_>FVV% (M}yﬂ"'aﬂn)Z' ﬂ-l(;y,)

@ Our bound is min-max optimal in n.

@ But not optimal in N (depends heavily on the target measures).
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lllustration of the convergence

Figure: Empirical barycenter with increasing sample size.
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lllustration of the convergence

. - - . . . . . /, K - \\\ \\ r“’/; '”A“ Yall = e P %, 0 =
) [ VL AR
. . W\ x . } | WWM |
: . . \ S . /¢ ! L‘J Lf d

Figure: Empirical barycenter with increasing sample size.
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Sketch of proof: generalization error

o Letvr:=YN, 76,2 be a minimizer of Fp(up, ..., ph,v(Y,m)) over
AC (Rd)N X Ap.

o Let v* := 1 77, be a minimizer of Fp(ul,...,ub, v(Y,)) over
AcC ROV x Ay,

Then

Fo(u',...,u5vp) = Fo(uts ... ph %)
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o Letvr:=YN, 76,2 be a minimizer of Fp(up, ..., ph,v(Y,m)) over

AC (Rd)N X Ap.

o Let v* := 1 77, be a minimizer of Fp(ul,...,ub, v(Y,)) over
AcC ROV x Ay,

Then

Fo(u',...,u5vp) = Fo(uts ... ph %)
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N N
F]D) <M}17 s ),uﬁ) Z 7Ti6y,'> - F]D) <M1) ey MLa Z 7Tiéy,'> ‘ .
i=1 -

<2 sup
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Sketch of proof: generalization error

o Letvr:=YN, 76,2 be a minimizer of Fp(up, ..., ph,v(Y,m)) over
AC (Rd)N X Ap.
o Let v* := 1 77, be a minimizer of Fp(ul,...,ub, v(Y,)) over
Ac ROV x Ay,
Then
Fo(u',...,u5vp) = Fo(uts ... ph %)

< FD(:U’la s 7;LLL7V;:)) - FD(M}"? S 7##7”2)
+ FD(N}N s 7,“’571/*) - F]D)(er . 'aMLaV*)

N N
F]D) <M}17 s ),uﬁ) Z 7Ti6y,'> - F]D) <M1) ey MLa Z 7Tiéy,'> ‘ .
i=1 -

(Generalization error)

<2 sup
(Y,m)eA
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Sketch of proof: control of the generalization error

For any fixed (Y, 7) € (RH)N x Ap:

N N
FD(M%?'”:M,&:ZT‘V&[>_F]D)<,U’17”’7,U/Lazﬂ-i5i>‘
i=1 i=1
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Sketch of proof: control of the generalization error

For any fixed (Y, 7) € (RH)N x Ap:

N
FD<un,...,un,Zﬂ5,> Fol| u ,...,,uL,Zmdy,.)‘

i=1

N N
VV,’; </L€n Z mid i) - VV’; (Mea Z 7ri5)/i>

i=1
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Sketch of proof: control of the generalization error

For any fixed (Y, 7) € (RH)N x Ap:

N N
FD(M%?'”:M,&:ZT‘V& i) _F]D)<,U’17”’7,U’Laz7ri5 :)‘

1
1 L N
¢
3[2 <umz7f5,> p<u,2m5,~>
=1 =1
1 L
<=3 sup E ewg[fy,w(xf)]]
L= wi<k
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Sketch of proof: Log-entropy

Taking the expectation on both sides

N N
F]D)()u%»--.vuﬁvzﬂ-i(s i) _F]D)(/'le---aﬂLazﬂ-i(s i> ’]
i=1 i=1

]E[sup
(Yom)
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Sketch of proof: Log-entropy

Taking the expectation on both sides

N
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Sketch of proof: Log-entropy

Taking the expectation on both sides

N N
E [smo Fp (ui, iy Y T ,-) —Fp <u1, TS Zméy,) ’]
(Yom) i=1 =1
1 L n
<7 Y E [( sup I > X)) — Engue[fy,W(%)]“
=1 LYmw) |7
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Sketch of proof: Log-entropy

Taking the expectation on both sides

N
E [(sup) Fp (um s ZM ) <u1, TS Zm%) ’]
v i=1
1 L n
<;DE [(Sup I > X)) — Engue[fYW(xf)]“
/=1 LW, i=1

L
= 10 89p [24() — Exe )

/ wog (2N (/2. Fp, |- Inzu)) @ ]
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Sketch of proof: Log-entropy

Taking the expectation on both sides

N N
Fp (M}ﬂ cee 7#57 Zﬂ-i(s i) —Fp </'517 s 7#L7 Zﬁiéyi> ’]
i=1

i=1

L
=730 sup [B4() ~ Exe, [0

/0C2 \/log<2N(T/2a~7:p» I H]L2(M£))) dr]

G
< —=FK
<7
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Conclusion

Although non-convex, problems of points cloud optimization with OT
losses have good rigidity properties under assumption on the
target measures. This allows for good behavior of gradient sequences
(such as Lloyd’s algorithms).

Furthermore these problems have sample complexity O(n_1/2),
independent (exponentially) of the dimension. This rate is optimal in
general.

Thank you for your attention!

Quantization and barycenters 09/10/2025 41 /44



Statistical aspect of optimal transport

Study of asymptotic behavior of D(u, pn) and D(p, vp) v # p.

10n the rate of convergence in Wasserstein distance of the empirical
measure, N.Fournier and A.Guillin. 2013
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Statistical aspect of optimal transport

Study of asymptotic behavior of D(u, p1n) and D(p, vp) v # p. In all
generality it depends on dimensionality. For instance if u's support is
compact!!:

n~1/d if d>2p
E [Wp(pn, 1)] S { n=Y2Plog(n)1/P if d=2p
n—1/2p if d<2p

10n the rate of convergence in Wasserstein distance of the empirical
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Statistical aspect of optimal transport

Study of asymptotic behavior of D(u, p1n) and D(p, vp) v # p. In all
generality it depends on dimensionality. For instance if u's support is
compact!!:

n~1/d if d>2p
E [Wp(pn, 1)] S { n=Y2Plog(n)1/P if d=2p
n—1/2p if d<2p

and by triangle inequality this is also true for for | Wp(n, v) — Wp(p, v) |.

10n the rate of convergence in Wasserstein distance of the empirical
measure, N.Fournier and A.Guillin. 2013
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Semi-discrete OT: fundamental 1/4/n rate of convergence

Sharper results by investigating D(up, v) (1 # v) insted. This is because

the sample complexity of OT adapts to the "less complex” measure!?.

2Empirical optimal transport between different measures adapts to lower complexity,
S.Hundrieser, T.Staudt and A.Munk.2022.
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Semi-discrete OT: fundamental 1/4/n rate of convergence

Sharper results by investigating D(up, v) (1 # v) insted. This is because
the sample complexity of OT adapts to the "less complex” measure!?. In
particular if v is discrete then

E[| Wy(pn,v) = Wy(p, v) Il = O(1//n).

2Empirical optimal transport between different measures adapts to lower complexity,
S.Hundrieser, T.Staudt and A.Munk.2022.
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Statistical aspect of barycenters

.. . . . 1 L / .
Empirical Wasserstein barycenters are solutions of min, c v, (rY) T > WA (pen, 1) with
forall I=1,...,L uL empirical measures over i.i.d realizations of u’.

BQuantitative stability of barycenters in the Wasserstein space, G.Carlier,
A.Delalande and Q.Mérigot. 2022.
“Randomized Wasserstein barycenter computation: Resampling with statistical
guarantees, F.Heinemann, A.Munk and Y.Zemel. 2023.
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Statistical aspect of barycenters

Empirical Wasserstein barycenters are solutions of min,, ¢ v, re) % Zlel Vl/g(,ui,7 W) with
forall I=1,...,L uL empirical measures over i.i.d realizations of u’. They converge to
the true barycenter, furthermore we have'

n2ifd< 4

E [VV% (s /L*)] S Y2 og(n)/0ifd = 4
n~ 3 d > 4.

BQuantitative stability of barycenters in the Wasserstein space, G.Carlier,
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Statistical aspect of barycenters

are solutions of min ,c v, (re) SO, WA(puh, 1) with
forall [=1,...,L ul over i.i.d realizations of u'. They converge to
the true barycenter, furthermore we have'

nY12ifd < 4
E [VV% (s /L*)] S Y2 og(n)/0ifd = 4
n~ 3 d > 4.

In the discrete setting we have'#

1L 1<
L2 WRlo) = min oS WE(K V)| S

d
L3 veMI(RI) LA

Blis

Where v, is an empirical barycenter.

BQuantitative stability of barycenters in the Wasserstein space, G.Carlier,
A.Delalande and Q.Mérigot. 2022.
“Randomized Wasserstein barycenter computation: Resampling with statistical
guarantees, F.Heinemann, A.Munk and Y.Zemel. 2023.
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