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From the Monge to the Kantorovich problem

Monge Problem:

ot [ e TOOIPdn()
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THu=v
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Figure: 3 source atoms to 3 target atoms
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From the Monge to the Kantorovich problem
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Figure: Optimal transport map T : {x1,x2,x3} — {1, 2, y3}
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From the Monge to the Kantorovich problem

Kantorovich’s relaxation:
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From the Monge to the Kantorovich problem

Kantorovich’s relaxation:
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Figure: Optimal probability coupling v € M(us, 3)
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A sufficient condition: Brenier's Theorem

nf | lhe= TOOIRdu() (MP)

T:X—Y
THu=v

inf / llx = yIPdr(x.y) (KP)

YEM(1,v) J x x
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nf | lhe= TOOIRdu() (MP)

T:X—Y
THu=v
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A sufficient condition: Brenier's Theorem

_nf. / Ix — TGO 2du(x) (MP)

inf /y||xfy|\2d7(x,y) (KP)

YEM(1,v) J x x

@ A solution v* to (KP) always exist
@ T* solution to (MP) implies v* = (Id, T*);p.

When does (MP) have a solution?
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A sufficient condition: Brenier's Theorem

_nf. / Ix — TGO 2du(x) (MP)

inf /y||xfy|\2d’y(x,y) (KP)

YEM(1,v) J x x

@ A solution v* to (KP) always exist
@ T* solution to (MP) implies v* = (Id, T*);p.

When does (MP) have a solution?

Theorem (Brenier)

If v is absolutely continuous with respect to Lebesgue then there exists a
solution to (MP). Moreover there exists a convex function ¢ such that for
p-almost all x € X:

T"(x) = Vp(x)
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Outline of the problem

@ 1 is an absolutely continuous population measure known only through
samples.

1< iid
== 0x Xty Xn
2 n & X; A1 1%

@ v is an unknown population measure only known through samples

1 m
~ iid
Vm:fg (5y,.Y1,...,YmNV
I‘l”l_1
1=

Monge Maps statistical estimation September 13, 2026 5/23



Outline of the problem

@ 1 is an absolutely continuous population measure known only through
samples.

n
R 1 iid
/'LHZEE 5X,-X17"'7XHN:LL
i=1
@ v is an unknown population measure only known through samples
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1 iid
Vp = — E (5y,. Yl,...,YmNV
m
=

@ Brenier's Theorem = 3T* such that v = T/ p.
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Outline of the problem

@ 1 is an absolutely continuous population measure known only through
samples.

1< iid
== 0x Xty Xn
2 n & X; A1 1%

@ v is an unknown population measure only known through samples
m
1 iid
Vp = — E (5y,. Yl,...,YmNV
m
=

@ Brenier's Theorem = 3T* such that v = T/ p.
@ In general no OT map for fi,, Dm.

@ How can we estimate T* from [, and 7,7
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A discrete analog to Brenier's Theorem

@ Couplings replace transport maps in the empirical setting.
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A discrete analog to Brenier's Theorem

@ Couplings replace transport maps in the empirical setting.

@ In fact, they concentrate on the graph of a convex function: if vy, n
optimal in (KP) for fin, Dm: 3pn m proper, convex, l.s.c (a Brenier

potential) such that |supp~}, ,, C graph(dyn m) | ( Vilani, Topics in

optimal transportation)
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A discrete analog to Brenier's Theorem

@ Couplings replace transport maps in the empirical setting.

@ In fact, they concentrate on the graph of a convex function: if vy, n
optimal in (KP) for fin, Dm: 3pn m proper, convex, l.s.c (a Brenier

potential) such that |supp~}, ,, C graph(dyn m) | ( Vilani, Topics in

optimal transportation)

We leverage this property to build a statistical estimator for T*:

A

Tn,m € aSan,m

Where @p, m is a suitably chosen Brenier potential for OT (1, V).
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[llustration of the estimator

Source measure Target measure
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[llustration of the estimator

Monge map representation
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[llustration of the estimato

Source measure (Large sample size) Target measure (Large sample size)
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[[lustration of the estimator

Monge map representation (Large sample size)
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Some convex analysis

We introduce some notions to remember.
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©*(y) = supxera (X, y) — o(x).
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Some convex analysis

We introduce some notions to remember.
° ro(Rd): set of proper, convex, lower semi-continuous functions on RY.
o Lengendre-Fenchel conjugate: Vo € Io(RY), y € RY:
©*(y) = supxera (X, y) — o(x).
o Subdifferential:
dp(x) = {z € RY [ p(y) > ¢(x) + (z,y — x) ¥y € dom ¢}

We also recall the following (classical) property:

Subgradient of max-functions: If f(x) = max{fi(x), i € I}, where all f; are
Cl, then

0f (x) = Conv{Vfi(x) | fi(x) = max fi(x)}.
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Duality Theorem

Theorem (Duality for quadratic optimal transport)
W, v be compactly supported in B(0, R). Consider

1
inf —|x = y|IPdvy(x, KP
ot [ Slx=ylPdata) (KP)
inf d +/ *dv. DP
welrr;(Rd)/Rd(p : Rd@ Y ®F)

Then the following are equivalent. For any v € M(u,v) and ¢ € To(RY) :
© 1~ is optimal for (KP) and ¢ is optimal for (DP).
Q suppy C graph(9y).

Moreover if i is absolutely continuous, v = (Id, V) a.e.
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Duality Theorem

Theorem (Duality for quadratic optimal transport)

W, v be compactly supported in B(0, R). Consider

1
inf —|x = y|IPdvy(x, KP
ot [ Slx=ylPdata) (KP)
inf d +/ *dv. DP
welrr;(Rd)/Rd(p : Rd@ Y ®F)

Then the following are equivalent. For any v € M(u,v) and ¢ € To(RY) :
© 1~ is optimal for (KP) and ¢ is optimal for (DP).
@ suppy C graph(dy).

Moreover if i is absolutely continuous, v = (Id, V) a.e.

Moreover:
Lemma = ¢, ©* may be chosen 2R-Lipschitz on B(0, R).
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@ Construction of the estimator

Monge Maps statistical estimation September 13, 2026 10/23



Construction of the estimator

Objective: provide an estimator 'IA',,7m based on fin, ¥y for T such that
v=Typu.
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Construction of the estimator

Objective: provide an estimator 'IA',,7m based on fin, ¥y for T such that
v=Typu.

We follow the outline below.

o Consider a solution 4, , for the discrete problem (KP) between fi,
and Up,.
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Construction of the estimator

Objective: provide an estimator 'IA',,7m based on fin, ¥y for T such that
v=Typu.
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o Consider a solution 4, , for the discrete problem (KP) between fi,
and Up,.
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A
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Construction of the estimator

Objective: provide an estimator 'IA',,7m based on fin, ¥y for T such that
v=Typu.

We follow the outline below.

o Consider a solution 4, , for the discrete problem (KP) between fi,
and Up,.

e Construct @, m such that supp§nm C graph(9@n m).
Previous Theorem = @, , optimal Brenier potential

A

@ Define our estimator as a sub-gradient of ¢p m: | To.m = VPnm|.

A necessary first-step is discrete transport.
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The discrete problem

Recall the Kantorovich problem:

inf / Ix — y[[2dv(x, y) (KP)
yeN(p,v) JxxY
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The discrete problem

In the discrete case, if i, = £ 3°7_; dx. and D = L 571 Sy, (KP)
becomes (KP-discr):
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The discrete problem

In the discrete case, if i, = £ 3°7_; dx. and D = L 571 Sy, (KP)
becomes (KP-discr):

min (C 7nm> ’YnmERnxm Z'Vnm(lj Z'Ynmlj
j=1

where C is the cost matrix with entries 21X — ;|12

Monge Maps statistical estimation September 13, 2026 12/23



The discrete problem

In the discrete case, if i, = £ 3°7_; dx. and D = L 571 Sy, (KP)
becomes (KP-discr):

min (C 7nm> ’YnmERnxm Z'Vnm(lj Z'Ynmlj
j=1

where € is the cost matrix with entries 3[1Xi — Yj||2. Once again, there is

a duality formula for (KP-discr):

Zf+ Zgj|f+gj<c,d, (f.g) € R" x R
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The Brenier estimator

Saturating the constraint in (KP-discr) we obtain

Lemma (Complementary slackness)

Let 4, m be an optimal coupling matrix in (KP-disc) (f,g) be optimal dual
variables for the dual formulation of (KP-discr). Then

:)/n,m(i,j) > 0

— g 1 2 1 2
= fi=, min SIXi = Yill” — g = 511X = Vil" — g
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The Brenier estimator

Lemma (Complementary slackness)

Let Ap.m be an optimal coupling matrix in (KP-disc) (f,g) be optimal dual
variables for the dual formulation of (KP-discr). Then

'/?n,m(iaj) > O

+ &i

A Yk z Y; 2
= 046) = 06 — 0 = 06, - ]
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The Brenier estimator

Lemma (Complementary slackness)

Let 4, m be an optimal coupling matrix in (KP-disc) (f,g) be optimal dual
variables for the dual formulation of (KP-discr). Then

;?n,m(i;_j) > O
Yil® 1Yl

= @g(Xi) = k:’Tl‘?f(m(Xi, Yi) — ”2 A g = G, ) = — te

By the convex analysis result on the subdifferential of max-functions:

Yi 2
9¢g(x) = Conv { Yi |i € argmax(x, Y;) + g — | 2” }
i=1,....m

So YJ S 8g5g(X,)
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The Brenier estimator

Lemma (Complementary slackness)

Let Ap.m be an optimal coupling matrix in (KP-disc) (f, g) be optimal dual
variables for the dual formulation of (KP-discr). Then

’?n,m(iu/.) >0 = YJ € 895g(xl)

where Pg(x) := maxg=1,..m(x, Yk) + 8k — % | Yill2.

By the convex analysis result on the subdifferential of max-functions:

Yi 2
0@g(x) = Conv { Y; |i € argmax(x, Y;) + g — H2H}
i=1,....m

So YJ € 8g5g(X,)

Monge Maps statistical estimation September 13, 2026 13/23



The Brenier estimator

Lemma (Complementary slackness)

Let 4, m be an optimal coupling matrix in (KP-disc) (f,g) be optimal dual
variables for the dual formulation of (KP-discr). Then

ﬁn,m(hj) >0 = YJ € 895g(Xl)

where Pg(x) := maxk=1,.. m(x, Yk) + gk — %” Y12

This result is the discrete analog of supp~y C graph(dy). By the duality
Theorem @, is thus an optimal Brenier potential.
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The transport map estimator

0 Pg(x) := maxe=1,.. m(x, Yi)+ gk — %”Yk”2
@ Jg(x) = Conv{Y;|i € I(x)} where

12
I(x) = argmax;_y__n(x, Y1) + g — 1.

.....
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The transport map estimator

0 Pg(x) := maxe=1,.. m(x, Yi)+ gk — %”Yk”2
@ Jg(x) = Conv{Y;|i € I(x)} where

Y2
m(x, Yi) + g —

1(x) = argmax;_,

.....

0@g(x) is a singleton almost everywhere. We define T as a selection in
0Pg.
g
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The transport map estimator

0 Pg(x) := maxe=1,.. m(x, Yi)+ gk — %” Y2
@ Jg(x) = Conv{Y;|i € I(x)} where
L Yill®

I(x) = argmax;_y _ m(x, Yi) + & — "5~

.....

0@g(x) is a singleton almost everywhere. We define T as a selection in

0P -
A _ Zuiel(x) i
(0= 55
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The transport map estimator

® Pg(x) = maxi—1,..m(x, Yi) + & — 51| Vill®

@ Jg(x) = Conv{Y;|i € I(x)} where
L Yill®

I(x) = argmax;_y _ m(x, Yi) + & — "5~

0@g(x) is a singleton almost everywhere. We define T as a selection in

A _ Ziel(x) Yi
(0= 55

This estimator is not feasible, nor optimal for the empirical problem.
However it is asymptotically (as we will show), while being natural (the
gradient of a convex function) and straight forward to implement (requires
only the computation of a vector in the linear program (KP-discr)).
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© Convergence of our estimator
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Objective

@ 1 is absolutely continuous, compactly supported with upper bounded
density by M > 0.

@ v is compactly supported.

iid A 1 n

o Xi,...,.Xn~ p, ,Un:ﬁZizl(in
iid ~ 1 m

o Yi,....Ym~V, Uy = EZI:I(SYI'

Brenier's Theorem = dp, v = Vgpu.
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Objective

@ 1 is absolutely continuous, compactly supported with upper bounded

density by M > 0.

@ v is compactly supported.

iid A 1 n

o Xi,...,.Xn~ p, ,Un:ﬁZizl(in
iid ~ 1 m

o Yi,....Ym~V, Uy = EZI:I(SYI'

Brenier's Theorem = dp, v = Vgpu.

Objective: Provide convergence rates for

E [ Tom = Vellirgn) -
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A stability result for Brenier potentials

There is Cr.a.m > 0 such that for any ¢, ¢ € To(R?) such that @, ¢ and
@*, ¢* are 2R-Lipschitz on B(0,2R) and Vgypu = v:

/Hw—wudu < Cram (/¢du+/¢*dV—/¢du—/gb*du>i.
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A stability result for Brenier potentials

There is Cg g m > 0 such that for any ¢, ¢ € Fo(RY) such that @, ¢ and
@*, ¢* are 2R-Lipschitz on B(0,2R) and Vgypu = v:

/HV@—WHdu < Cra,m </¢du+/¢*du—/¢du—/¢*du>i.

Characterization of W; in terms of Lipschitz functions yields

Under the same hypothesis on ¢:

N

/ 1V = Tomlldit < Cram(Wa(ks fin) + W1 #1m))
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Main result

Theorem (Main Theorem)

Let i be an absolutely continuous measure with upper-bounded density by
M > 0 and v any measure, both supported in B(0, R). Then

E {Hf',,,m = V@HU(M)} < Crd,m (n_ﬁ + m_i> )
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Main result

Theorem (Main Theorem)

Let i be an absolutely continuous measure with upper-bounded density by
M > 0 and v any measure, both supported in B(0, R). Then

E {Hf',,,m = V(ﬁ”Ll(u)} < Crd,m (nfﬁ + m*$> )

And for discrete vp, = Y7 1 bidy, (not random):

Theorem (Main Theorem-semi-discrete)

A 1
E [||T,, - V‘;HU(M)] < Crdmn”8
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@ Discussion
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Prior results

@ Many estimators have been proposed: 1NN, Kernel based, barycentric

projection, entropic regularization... (Rigollet, Hutter, Manole, Divol,
Niles-Weed...)
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Prior results

@ Many estimators have been proposed: 1NN, Kernel based, barycentric
projection, entropic regularization... (Rigollet, Hutter, Manole, Divol,
Niles-Weed...)

@ All of them consider the Monge-diffeomorphism assumption:
1
Gis C?, lev%jA/, A > 0.

Caffarelli’s regularity: known sufficient condition.

@ supp u, supp v convex compact, smooth boundary.
@ Densities bounded away from 0 and +oc.
© Densities smooth enough.
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1
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Caffarelli’s regularity: known sufficient condition.
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@ Their convergence rates are close to min-max (O(n~7)).
In comparison, our results:
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Monge Maps statistical estimation September 13, 2026 20/23



Prior results

@ Many estimators have been proposed: 1NN, Kernel based, barycentric
projection, entropic regularization... (Rigollet, Hutter, Manole, Divol,
Niles-Weed...)

@ All of them consider the Monge-diffeomorphism assumption:
1
Gis C?, lev%jA/, A > 0.

Caffarelli’s regularity: known sufficient condition.

@ supp u, supp v convex compact, smooth boundary.
@ Densities bounded away from 0 and +oc.
© Densities smooth enough.

. . _1
@ Their convergence rates are close to min-max (O(n~7)).
In comparison, our results:
. o - 1 _1
@ Retain a similar statistical rate (n~3 vs n=4).

@ Don't require the Monge-diffeomorphism assumption, not even
connectedness, only compact support and upper bounded density.

Monge Maps statistical estimation September 13, 2026 20/23



Visualisation

Continuous OT Discrete OT Large sample
1.01 1.001 1.0
0.751
0.5 0.50 0.5
0.25
0.01 0.00 0.0
—0.251
—-0.51 —0.50 1 —0.51
—0.751
-1.04 _1.004 -1.04
1o -05 00 05 10 -lo 05 00 0s 1o -0 05 00 05 10
Uniform measure on the Tp.m is computed from the High sample size.
square is sent on the black | empirical problem (red and
measure. black points). The

estimator sends samples of
the source to samples of
the target (black lines).
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Conclusion

(General)

~ 1 1
E [H Tn,m — V(,5||/_1(“)} < CR,d,M (n_ﬁ + m_ﬁ>

E [H Tn— V@HU(M)} < CR,d,Mn_% (Semi-discrete)

In this work we:
@ Proposed a simple and natural statistical estimator for transport

maps.

Monge Maps statistical estimation September 13, 2026 22/23



Conclusion

(General)

~ 1 1
E [H Tn,m — V(,5||/_1(“)} < CR,d,M (n_ﬁ + m_ﬁ>

E [H Tn— V@HU(M)} < CR,d,Mn_% (Semi-discrete)

In this work we:
@ Proposed a simple and natural statistical estimator for transport

maps.
@ Provided its convergence rate in the general and semi-discrete setting.

Monge Maps statistical estimation September 13, 2026 22/23



Conclusion

E [H Vi — V@HLI(,L)} < Crd,m (n_ﬁ + m_$> (General)
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In this work we:
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maps.
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@ Although not min-max, these rates are obtained under very general
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Conclusion

E [H Vi — VSZHU(M)} < Crd,m (n_ﬁ + m_é) (General)

E [H Tn— VSEHU(M)} < CR,d,Mn_% (Semi-discrete)

In this work we:
@ Proposed a simple and natural statistical estimator for transport
maps.
@ Provided its convergence rate in the general and semi-discrete setting.
@ Although not min-max, these rates are obtained under very general
assumptions

Future work will aim at proving that these rates adapt to the Monge
diffeomorphism assumption and that they are minmax under the general
assumptions we consider.
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An improvment for our main Theorem using a novel result

by Q.Mérigot

Shortly after our preprint, Quentin Mérigot proposed a novel stability
bound similar to ours!. Let ©u, and @, be optimal brenier potentials
for the transport between p, v, resp. u/, /. Then for all € > 0:

1

IVeuw = Veouulling < Cord (Walp, 1) + Wiy, ') 5 .
(w)

This bound is near optimal in terms of exponent without further
assumptions.

Using this stability result yields an improvement of our rate to
O(n_l/(3+€)d).

1Q.Merigot, Sharp stability of Brenier maps via quantitative regularity of potentials
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